LE'S POLYHEDRON FOR LINE SINGULARITIES 



AURELIO MENEGON NETO 

Abstract. We study the topology of a line singularity, which is a complex 
hypersurface with non-isolated singularity given by a smooth curve, by means 
of the description of the degeneration of its Milnor fibre to the singular vari- 
ety. We construct a polyhedron Pt in Xt, the interior of the Milnor fibre, a 
polyhedron Pq in -''^Oi the interior of the singular fibre, and a continuous map 
taking Xt to Xq and Pt to Pqi which restricts to a homeomorphism outside 
these polyhedra. 



1. Introduction 

The idea of studying the critical level of a complex function by studying the non- 
critical level is classical, used by many authors like Milnor, Hirzebruch, Brieskorn, 
Pham and others. This lead to the classic Fibration Theorem of Milnor and to the 
study of the vanishing homology of a singularity. 

In the case of an isolated singularity, Le Dung Trang refined the idea of vanishing 
homology and proved that there exists a polyhedron in the Milnor fibre such that the 
Milnor fibre deformation retracts to such polyhedron, and that there is a continuous 
map from the Milnor fibre to the singular one which restricts to a homeomorphism 
outside the polyhedron and takes the polyhedron to the singular point [7]. 

It is unlikely that there is a natural extension of this result to holomorphic 
functions with arbitrary singular set. In this paper we show that there is such 
theorem for an important class of singularities called line singularities, defined and 
first studied by D. Siersma in These are nothing but complex singularity germs 
with singular set a complex smooth curve. 

Line singularities are closely related to the /^-constant family problem, since 
in many cases one can see a family of complex isolated singularity hypersurfaces 
depending holomorphically on one parameter as a line singularity. In fact, if / 
is a line singularity defined by a family of isolated singularities /<,, then the Le 
Polyhedron Pt of / describes the degeneration of the Milnor fibre of fs to the 
Milnor fibre of /q. 

In particular, in the last section of the present work we prove, by means of the Le 
Polyhedra, that if such a family is /x-constant and admits an uniform Milnor radius, 
then it must be equisingular. Although this result is an immediate consequence of 
some classical theorems of K. Bekka about the (c)-regularity of a family of isolated 
singularity hypersurfaces ([1], [2], [3]), the proof presented here provides a new 
point of view into this class of problems. 
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2. Main theorem and structure of the proof 

Consider / : (C"+^, 0) — > (C, 0) a line singularity with singular set a the smooth 
complex curve E and for any positive real e, denote by the ball in C"+^ centered 
at and with radius e. 

We say that e > is an uniform Milnor radius for / and that is a uniform 
Milnor ball for / if, for any s G S, the intersection B^ Hg is a. Milnor ball for the 
restriction of f to Hg, where Hg is a family of hyperplane sections of C" transversal 
to E at s. 

Also denote by Xt the interior of Xf. We show that any line singularity admits 
a Le Polyhedron in the following sense: 

Theorem 1. // / : (C"^"'^,0) — > (C,0) is a line singularity, then there exist e and 
•q sufficiently small, with Q < rj « e << \, such that for any t G D*^: 

(i) There exists a polyhedron Pt of real dimension n + 1 in the Milnor fibre Xt 

such that Xt deformation retracts to Pt; 
(ii) If f does not admit a uniform Milnor radius, there exist a retractable poly- 
hedron Pq of real dimension n + 1 in the singular fibre Xq such that Xq 
deformation retracts to Pq; and there is a continuous map ^'4 : — > Xq 
which sends Pt to Pq and such that ^t restricts to a homeomorphism from 
Xt\Pt to Xo\Pq; 

(Hi) If f admits a uniform Milnor radius, there exists collapsing map 'ft : — > 
Xq sending Pt to E n B,, and such that restricts to a homeomorphism 
fromXt\Pt to Xo\{j:nB,). 

By polyhedron we mean a topological space which admits a triangulation by a 
simphcial complex (see [H])- 

The proof of this theorem is presented in sectionjS] and it is based on lemmas|4j[5] 
|6]and[7] Lemmas |4] and [5] are particular cases of propositions [8] and [9] respectively, 
presented in section |4j and which concern the construction of a Le Polyhedron for 
complex analytic singularities / : M — > C defined on a compact n-dimensional 
complex manifold with boundary dM such that the singular set of / is the whole 
special fibre Mq :~ /^^(O). Here, by a compact complex manifold with boundary 
we mean that M is compact, smooth and its interior is a complex manifold. 

We then prove propositions |8] and [9] in section [5j when n = 2, and in section 
|6j when n > 3. Although the ideas of the proofs of these propositions are quite 
analogous to those presented in [7], there are mainly two significative differences: 
First, in our case the spaces M, Mt and Mq are smooth manifolds, so we do not 
have to deal with stratifications here. Second, our study is global, that is, we shall 
look at all the space M. 

Remark 2. Following exactly the same steps of sections^^and^ it is an easy 
exercise to construct a Le Polyhedron for an isolated singularity f : ^ C such 
that G B^ is the only singularity of f and such that f~^{0) intersects := dB^ 
transver sally, without the assumption that e is a Milnor radius for f , that is, in a 
global sense. In other words, one can show that for any t sufficiently small such 
that f~^(t) intersects Se transversally (including t = 0), there exists a polyhedron 
Pt in f~^{t) such that f^^(t) deformation retracts to Pt (note that /~^(0) is not 
necessarily contractible) . Moreover, for any t small there exists a continuous map 
■ f^^{t) ^ /^^(O) which restricts to a homeomorphism from f~^{t)\Pt to 
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/~i(0)\Po and sends Pt to Pq. Clearly, Pq = {0} if e is a Milnor radius for f. 
This is going to be useful in the prove of theorem^ in the next section. 

Finally, in section [7] we prove lemmas |4j [5] [6] and [7j 

The author would like to thank J. Seade, who introduced him to the subjects 
concerned in this work and made significant contributions to it. 



3. Functions with singular set a line 

Let / : (C"+\0) -> (C,0) be a line singularity, that is, a holomorphic germ 
of a function whose singular set S is a smooth complex curve. Without lost of 
generality, we can suppose that E is the that is, 

E = {zi = ■ • • = z„ = 0}, 

and for any s S S, consider the hyperplane section Hg given by 

Hs := {Zn+i = s}. 

Then considering the restrictions 

/. f\H, : C" ^ C 

we obtain a family, in the parameter s G E '^=' C, of holomorphic functions with 
isolated singularity. 

It is well known that one can define the Milnor fibration of / using polydiscs, 
that is, if ei and £2 a-i'c sufficiently small positive reals with < ei < £2 << I7 one 
has that the restriction 

/i :ri(D;)n(B,, xb.j^d; 

is a fibre bundle and f~^{t) n is homeomorphic to f^^{t) n (B^^ x B^^), where 

— denotes the disk in C centered at zero and with radius 77; 

— D* is the punctured disk D,,\{0}; 

— Be J denotes the ball in E C centered at zero and with radius £1; 

— Bg2 denotes the ball in C" centered at zero and with radius £2; 

— B, C C"+i is an usual Milnor baU for /. 

Now, since either E or E\{0} is a stratum of a Whitney stratification for /, we 
can take £1 and £2 sufficiently small such that: 

• (/"nO)\/(r^(0)) n (B,^ X B,J is a fibre bundle over (E n B,J\{0} with 
fibre /7i(0)n({s}xB,J; 

• ({0} X Be J is a Milnor baU for /q. 

Then for any t G D*, let Xt denote the Milnor fibre of /, that is, 

Xt :=ri(i)n(B,, xB,J, 

which is a compact smooth manifold of dimension n, and let Xq denote the singular 
fibre of /, that is, 

^o:=r'(0)n(B,, xB,J, 
which is a compact singular hypersurface of dimension n whose singular set is 

E, EnB,^. 
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Also, to simplify notation, from now on we shall denote by fs the restriction of 
/ to the intersection Hg n ({s} x B^^)- 
Now, for any t G D*, let 

TTf.Xt^ Se 

be the analytic function given by the natural projection of C"+^ on E restricted to 
Xf Considering ei and 62 sufficiently small, there are two possibilities: 

(a) Eg is a stratum of a Whitney stratification for /; then tt^ is a (trivial) 
topological fibre bundle over E^ and therefore € C is a regular value for 

(6) Ee\{0} is a stratum of a Whitney stratification for /; then tt* is a topological 
fibre bundle over Ee\{0} and G C is a critical value for ttj; there are two 
cases to consider: 

(61) Sing{nt) C 7:^^(0) and therefore 7rj~^(0) is singular; 

(62) Sing{-Kt) = 7rt~^(0) and therefore 7r^^(0) is smooth. 
Note that, for any t G D* and s € E^, we have 

But then 7r("^(0) = int[fQ^[t)]^ the Milnor fibre of the isolated singularity function 
/o, and therefore it is smooth. So case (&i) cannot occur. 

3.1. Case (a). In this case, if £2 > is sufficiently small, clearly B^^ is a Milnor 
ball for any any fs with s € E^ , and then we can construct a Le Polyhedron Pt C Xt 
as follows: 

For each s S E^, let Pt^s C f^^{t) be a Le Polyhedron for the isolated singularity 
function fg as in [7]. Then the fibre bundle 

int[f-Ht)]^ ^Xt 

Y 

induces a fibre bundle 

Pt,s ^ ^ Pt 

Y 

where the total space Pt is a Le Polyhedron for f. 

In fact, since f^^{t) deformation retracts to Pt^s, it follows that Xt deformation 
retracts to Pt- Moreover, we know that for each s £ E^, there exists a collapsing 
map 

^t..s ■■ f-\t) ^ f-\0) 

which restricts to a homeomorphism f~^{t)\Pt^s /i~^(0)\{s} and such that 
^^t.siPt.s) = {s}. Then we can define a continuous collapsing map 

^t-.Xt-^ Xo 

for / setting 
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It is obvious that restricts to a homeomorphism Xt\Pt — > Xo\Se and that 

Remark 3. Note that Pt obviously deformation retracts to Pt.o, which has the 
homotopy type of a bouquet of /i(/o)-spheres of dimension (n — 1), as we shall see 
later, in lemma |4j 

3.2. Case (62)- In this case we have to understand how mt[/^r^(t)] = 7rj^^(s) de- 
generates to int[f^^{t)] — n^^{0) as s £ Se\{0} goes to G E^, for any t e D* 
fixed. To do that, we use lemmas |4] and [5] bellow, which give a Le Polyhedron for 
the projection ttj, and lemmas |6] and [7j We shall prove these lemmas in the next 
sections. 

Lemma 4. For any t G D* and s G S^, one has that: 

(j) there exists a polyhedron Pfg in n^^{s), of real dimension n—1, which has 
the homotopy type of a bouquet of spheres of dimension n—1, that is, 

p,,^°^^°'- y sr-\ 

Ms 

where /i^ > is the number of spheres, with /io being the Milnor number of 
the isolated singularity /o and /x^ > /io; 
(m) ■k^^{s) deformation retracts to Pt.s- 

Lemma 5. For any t G i3* and s G Se\{0}, there exists a continuous map 
'^t.s '■ ^r^(*) ^ ^r^(O) such that ^t,s restricts to a homeomorphism ■K^^{s)\Pt^s — >■ 
7rj"^(0)\Pf.o and takes Pt.s to Ptfi- 

Lemma 6. The construction of the polyhedra Pt^s o-nd of the collapses '^t,s ■ 
TT^^{s) — >■ 71^7^(0) can be done simultaneously for any s G Sg\{0}. Then we ob- 
tain a polyhedron Pt in Xt, of real dimension n -\- 1, such that Xt deformation 
retracts to Pt and such that for any s G Sej the Milnor fibre t:^^{s) deformation 
retracts to the intersection Pt H ir^ (s). 

Lemma 7. For any t G i),* and s G Sf, the polyhedron Pt.s is also a Le Polyhedron 
for fs, in the global sense (see remark [2]). 

Then the polyhedron Pt is a Le Polyhedron for /, since we can define a collapsing 
map 

^t-.Xt^ Xo 

for / setting 

*t(z) ■i't,^,i,){z), 

where vE't^^ : ^ /7^(0) is a collapsing map for fs (in the globally sense), 

which restricts to a homeomorphism from /7^(i)\-Pt.s to /7^(0)\Po.s and sends 
Pt^s to Pq.s (where Po,s is a special polyhedron for fs in the global sense, see 
remark [2]). Set 

^0 •= [J Pq,s, 

a polyhedron in Xq containing Eg and such that Xq deformation retracts to Pq (and 
hence Pq obviously deformation retracts to {0}, since Xq does). Then V^t clearly 
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restricts to a homeomorphism Xt\Pt -'^o\^o and ^'t(Pt) — Pq, and then we have 
proved (ii) of theorem [l] 

Now suppose that / admits an uniform Milnor radius. Then fs is an isolated 
singularity and we can consider ^'t^^ : in't[f~^{t)] — int[f~^{0)] to be a collapsing 
map for fg (in the local sense of ^7 ), which restricts to a homeomorphism from 
int[f~^{t)]\Pt,s to int[f~^{0)]\{s} and sends Pt^s to {s}. Hence ^'t restricts to 
a homeomorphism Xt\Pt -> Xo\5^e and ^t(Pt) — S^, so we have proved {in) of 
Theorem [TJ 



4. The Le polyhedron for a special class of singularities 

Let M be a compact oriented smooth n-dimensional complex manifold in C"^^, 
with boundary dM, and let / : M — >■ C be a holomorphic function such that: 

(i) the critical set of / is given by E = /~^(0) 7^ 0; 

{a) f~^{t) is a connected hypersurface in M which intersects dM transversally, 
for any t £ C sufficiently small. 

Later we will take M to be the Milnor fibre of a complex hypersurface. For any 
positive real 77 > 0, define 

M, :=ri(D,). 

By Ehresmann's fibration lemma, the restriction 

/l :Af,\(ri(0)nAf,)^D; 

is a topological fibre bundle. We want to describe how Mt := f^^{t) degenerates 
to Mq := /~^(0), as t € C goes to zero. We have the following propositions, which 
generalize lemmas [4] and [5] of the previous section: 

Proposition 8. For any t G D,^, one has that: 

(i) there exists a polyhedron Pf in Mt, of real dimension n ~ 1, which has the 
homotopy type of a bouquet of spheres of (distinct) dimensions < n — 1, 
that is, 

n-l 
i=l 

where fit^i > is the number of spheres of dimension i, with ^t,i ^ Mo,i; for 
any i — — 1; 

[ii) there exists an integrable vector field over Mt, null over Pt, which defines 

a continuous map ■ dMt — Pt; 
(Hi) the fibre Mt is the mapping cylindre of ^t, o,nd therefore Mt deformation 
retracts to Pt- 

Proposition 9. For any t e £)*, there exist a continuous map : Mt — >■ Mq and 
polyhedra Vt in Mt and Vo in Mq, both of (real) dimension 2n — 3, such that: 
(i) Vt contains Pt andVo contains Pq; 

(ii) ^'f restricts to a homeomorphism Mt\Vt — >■ Mq\Vq; 

(iii) ^'t takes Vt to Vo and Pt to Pq; 

(iw) When n = 2, we can consider Vt = Pt and Vq = Pq- 



LE'S POLYHEDRON FOR LINE SINGULARITIES 



7 



We call a collapsing map for /. 

To prove these propositions, we need to construct a good projection of the Milnor 
fibre Xt of / to a disk, denoted by ipt : Xt ^ Dt- This is what we do in the rest of 
this section: 

For any linear form 

I : C"+^ ^ C 

taking e C"+^ to G C, the restriction of both / and I to M induces an analytic 
morphism 

(t>i: M 

defined by (j)i{z) = (^(z),/(z)), for any z G M 

Lemma 10. There exists a non-empty Zariski open set il in the space of non-zero 
linear forms o/C""'"^ to C that take € C"+^ io G C, such that for any I G O, 
the analytic morphism (pi : M — > satisfies: 

(i) if C is the critical set of (pi and F; C M is the union of the irreducible 
components of C which are not contained in f~^{0), then F/ is either empty 
or a reduced complex curve; 
(ii) //F;n/^^(0) = {pi, . . . ,Pr}; then for eachpi there exists a small neighbour- 
hood Vi of Pi in M such that for any x G (F; n Vi)\{pi\, the hypersurface 
(pj {l{x), f{x)) has an ordinary quadratic singularity at x; 

(iii) the restriction of (pi to TinVi, for each i = 1, . . . , r, is finite and it defines 
an analytic morphism (1 — 1) o/F; H Vi to its image Ai^i := (p{Ti n Vi); 

(iv) the tangent cone of Ai^i at (pi{pi) is C x {0}. 

If Z G r2, we say that I is a general linear form in respect to /, and we say that 
the curve F; is the polar curve of f related to I and that the curve A; is the polar 
image of f related to 

From now on, we shall fix a good linear form Z, and in order to simplify notation, 
we shall denote := il/, F := F; and A := A;. 

If we choose 77 > sufhciently small, we can suppose that F' := F n is 
contained in the union U^^^^i- For a moment, let us denote by /' the restriction of / 
to M^, and consider (p' defined on by setting (p'{z) := {l[z), f'{z)). Without lost 
of generality, we can also suppose that l{pi) 7^ l{Pj), for any i 7^ j, i, j G {I, . . . , r}, 
so the previous lemma implies that the restriction of 0' to F' is finite and it defines 
an analytic morphism (1 — 1) of F' to its image A' := 0(F'). In fact, if 77 is sufficiently 
small, then F' has exactly r-connected components T'(pi), which are curves in pi, 
that is, F' is the disjoint union 

r 

r' = |Jr'fe)> 

i=l 

and A' is the disjoint union 

r r 

A'=y0(F'(K)) :-UA'(pO. 

1=1 1=1 

In order to simplify notation, from now on we shall denote f '■= f (defined on M^), 
F F' and so on. See figure [T] 
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Figure 1. 

Now fix Z e O such that the set T) :— 1{M^) is difFeomorphic to a disk in C, and 
for any t G D,j, set 

Dt-.^Vx {t}. 
Then (j> : A/^ — 2? x induces a projection 

ipt : Mt ^ A, 
which is a fibre bundle over Dt\{A O Dt). 



5. Proof of propositions [8] and [9] when n = 2 

Suppose that M C C"^ has complex dimension 2. Then following the steps of [7] 
we construct a Le Polyhedron and a collapse polyhedron for / as follows: 

5.1. The construction of the Le Polyhedron. We have seen that, for each 

t e D^, 

(Ptl : MtVr'(A n A) ^A\(An A) 

is a topological fibre bundle, and therefore it is a topological covering of degree mt- 
Let yi{t),. . . , yk{t) be the points of the intersection An A- Note that each yj{t), 

for j — I, . . . ,k, is contained in some A{pi), for some i — 1, . . . ,r. 

Let At be the barycenter of the set of points {yi{t), ... ,yk{t)} in Dt and for each 

j — 1, . . . ,k, let 6{yj{t)) be a simple path (differentiable and with no double points) 

starting at At and ending at yj (t) , such that two of them intersect only at At . 
Set 

k 

Qt ■■= \J Siyjit)) 
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and 

See figure [2j 

Now, let vt be a vector field in Dt such that vt is: 

• C°°] 

• null over Qt\ 

• transversal to dDt and points inwards. 

Then the associated flow qt : [0, oo[ x [Dt\Qt) — Dt defines a map 

6 : dDt Qt 

u I — > lim (/((t, u) ' 

r— fcjo 

such that is continuous, surjective and differentiable. 

Since ipt is a covering over Dt\Qt, which is differentiable in this case of dimension 
n = 2, we can lift vt to a vector field Et in Mt such that Et is: 

• continuous over Mt] 

• differentiable over Mt\Pt] 

• null over Pt, 

• integrable; 

• transversal to dMt and points inwards. 

Then the associated flow qt ■ [0, oo[ x {Mt\Pt) — > Mt defines a map 

6 : dMt — ^ 

z I — !■ lim qt{T,z) ' 

such that ^t is continuous, surjective and differentiable. 

So now we have to show that Mt is homeomorphic to the mapping cylinder of 
In fact, the integration of the vector field Vt gives a surjective continuous map 

a : [0, oo] X dMt Mt 

that restricts to a diffeomorphism 

a| : [0,cx)[ X dMt -> Aft\Pt. 

Since the restriction aoo ■ {oo} x dMt — > Pt is equal to ^t, which is differentiable 
and surjective, it follows that the induced map 

[aoo]:(({(^}x9Mt)/-)-^Pt 

is a homeomorphism, where ^ is the equivalence relation given by the identification 
(oo,z) ~ (oo,z') if Q!oo(-z) = aoo(^')- Hence the map 

H : (([0,oo] X dMt)/ ^)^Mt 

induced by a defines a homeomorphism between Mt and the mapping cylinder of 

it- 

This proves proposition |8] for the case n — 2. The following proposition will be 
useful in the last section of this paper. 
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Figure 2. 

Proposition 11. For any t G Z?* , the topology of Pt is described by the pair {mt, k), 
that is, two polyhedra Pf(l) and -Pt(2) construct as above are homeomorphic if, and 
only if, TOt(l) = mt{2) and k{l) = k{2). In the same way, the topology of Pq is 
described by the pair (mo, r). 

Proof Note that: 

• ip^^{yj{t)) is contained in F. In fact, since the restriction (ft\ '■ Mt\{T D 
Mt) — >■ Im{ift\) C Dt is a surjective submersion, it follows from Ehres- 
mann's fibration lemma that it is a topological fibre bundle. Then, if 
there exists z e A/4\(F n Mt) such that 'Pt\{z) = yj{t), it follows that 
yj{t) e Im{ipt\) and then ft^^iVjit)) would be given by mt points in 

Mt\(r n Aft), and hence ip^^{yj{t)) would be given by (mt + a) points 
in Mt, for some a > 1. But then the Le Polyhedron would not be con- 
nected, since there are just mt paths connecting ^p^^{yj{t)) and (p^^{Xt)- 
This is a contradiction since we have already proved that the connected 
manifold Mt deformation retracts to Pt; 

• Therefore ip^^{yj{t)) is just one point, by item (Hi) of lemma 
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Hence the topology of Pt is encoded in the pair {mt,k). In fact, for any 
t E D* , it is easy to see that Pt has exactly (mt + k) vertices and it has the 
homotopy type of a bouquet of (mt — 1)(A: — 1) circles if mt > 1 and fc > 1, 
or that Pt is contractible if mt = 1 or fc = 1; 

Also, one can check that Pq has exactly (mo + r) vertices and it has the 
homotopy type of a bouquet of (mp — l){r — 1) circles if mo > 1 and r > 1, 
or that Pq is contractible if mo = 1 or r = 1. 

□ 



5.2. The collapse along a path. We can do the construction of the vector field 
Et simultaneously for all t in a simple path 7 in D,, joining and some to G 9Djj, 
such that 7 is transverse to 9D^. To simplify, we shall assume that 7 is the closed 
segment of line in joining and tQ. 
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The natural projection n : V x D,, — > restricted to A induces a ramified 
covering 

7r| : A -> 



whose ramification locus is Dq H A — {(j){pi), ■ ■ ■ , (j){pr)}, by item (iv) of lemma 10 



Hence the inverse image of 7\{0} by this covering defines k disjoint simple paths 
in A, and each one of them is diffeomorphic to 7\{0}. Each of these paths have 
(l){pi) in its closure, for some z = 1, . . . , r, and it contains the points yj(t), for some 
j — 1, . . . , fc and any t e 7\{0}. We shall denote by q^^- the respective path that 
has (/"(pi) in its closure and contains yj{t). In particular, we have that r < k. See 
figure [3j 

Moreover, the set A = IJte^ defines a simple path in 2? x such that either 
An A = (pipi), if r = 1, or An A = 0, if r > 1. 

We can choose the paths 6{yj{t)) in such a way that 

forms cither a triangle, if r = 1, or a square, if r > 1, differentiably immersed in 

\jDt=Vxj 

outside 5{yj (0)). For any j, j' € {1, . . . , fc} with j ^ j', note that either TjDTjr = A, 
if both Qj- and Q' j' are defined for some i, i' G {1, . . . , r} with i ^ z'; or Tj n Tjt = 
AU^{yj{0)) = AU7(yj'(0)), if both (^ij and Qj' are defined for some i £ {1, . . . ,r}. 
See figure |i| Set 

fc 

Q:=\jT,. 




Figure 3. 



12 



AURELIO MENEGON NETO 




Figure 4. 

Now, let F be a vector field in D x 7 such that V is: 

• continuous; 

• null over Q; 

• differentiable over (V x 7)\Q; 

• transversal to dV x 7. 

Then the associated flow w : [0, oo[ x ((P x 7)\Q) — >■ 2? x 7 defines a map 

^ : dVx-f ^ Q 

z I — > lim w{t,z) ' 

r— >oo 

such that ^ is continuous, surjective and differentiable. 
For any real ^ > 0, set 

Va{Q) := {V X ^)\w{[0,A[xdV x 7), 

a closed neighbourhood of Q in 2? x 7. Note that dVA{Q) is a differentiable manifold 
that fibres over 7 with fibre a circle, by the restriction of the projection tt. Moreover, 
X> X 7 is clearly the mapping cylinder of ^. 
Since 

</>! :M^\0-i(Q)^(I?xD^)\g 

is a locally trivial fibration, it follows that (/)~^(9Va((5)) is a differentiable subman- 
ifold of M,j which is a fibre bundle over 7. 
Now, set 

■.= <p-\Q), 

which we call the collapse polyhedron of f along 7. It is a polyhedron in of real 
dimension n. Let ^ be a vector field in 7 that goes from to to in time a > 0. 
Set 

Z:= (M^n/-i(7))\P-y. 

Since 

Z = <t>-'{{V X 7)\g) A (2? X 7)\Q ^ 7 

and 

r\dVA{Q)) ^ dVA{Q) ^ 1 
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are differential fibre bundles, we can lift to obtain a vector field E such that: 
9 E is differentiable; 

• E is tangent to (/)^^ (9Va(Q)) , for any A> 0. 

Then the associated flow g : [0,a]x Z Z defines a C^-diffeomorphism ^ from 
Mtg\Pto to Mo\Po that extends to a continuous map from Mt„ to Mq and that 
sends Ptg to Pq. 

This proves proposition [9] for the case n = 2. 

Remark 12. Note that since Mtg\Ptg is diffeomorphic to Mo\Po; we must have 
that mo — mt- Also note that, for any path 7, we have that deformation retracts 

to Pq. 



5.3. The collapse along a disk. We can go further and describe the collapse 
simultaneously along all the disk D,, in the following way: 

Consider the intersection of A with V x D*. Then we obtain k punctured disks 
Tj. The barycenter points of these punctured disks also give a punctured disk A 
such that the intersection of the closure of all this punctured disks is either (j){pi), 
if r = 1, or empty, if r > 1. Fix j G {!,..., fc}. The union of paths S{yj{t)) 
for all t e D,j gives a 3-dimensional polyhedron Tj in I? x D,,. Note that either 

n Tj, = a or Tj n Tj, = A U 7(%(0)) - A U 7(y/(0)). 

Then we define 

k 

Q := U Tj 

3 = 1 

and, as before, we construct a vector field in I? x D,, that retracts T> x D,, onto 
Q. Now set 

P:=r'(Q), 

which we call the collapse polyhedron of f along a disk. It is a polyhedron of real 
dimension n + 1, contained in A/^. 
Also set 

Z := Mrj\P. 

Since is a submersion over (2? x D,,)\(5, it follows that V lifts to a vector field E 
in Z with the desired properties, as before. In particular, we have: 

Corollary 13. deformation retracts to P. 



6. Proof of propositions [8] and [9] when n > 3 

In this section we prove propositions [8] and [9] when AI has dimension n > 3. We 
do it by induction on n, since we already have the lemmata for n = 2. Suppose the 
results are true for n — 1. 
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6.1. The construction of the Le Polyhedron. We already know that, for each 
t G D,j, the projection 

ipt-.Mt^ Dt 
determines a topological fibre bundle 

ipt\ : Mt\ipi\{yiit), . . . ,z/fe(<)}) ^ Dt\{yiit), yfe(i)}, 

where {yi{t), . . . , yk{t)} = A n Df. Note that each yj{t), for j G {1, . . . , k}, is 
contained in some A{pi), i G {1, . . . , r}, as defined in section |4j and that fc > r if 
t ^ 0, and fc = r if t = 0. 

Let u' be a point in V such that the complex line {u'} x C is not a component 
of A. If we set := {u', t), then Xt ^ {yi{t), . . . , j/fe(t)}. For each j = 1, . . . ,k, let 
Siyjit)) be a simple path starting at At and ending at yj{t), such that two of them 
intersect only at Xt- 

Now, first we consider /' the restriction of / to A/,, n = u'}, which wc can 
suppose is a differentiable complex manifold of dimension n — 1, and then wc can 
apply proposition |8] by induction hypothesis, to obtain a Le Polyhedron P[ and 
a vector field E'^ as in the previous section. Second, recall that (f> defines a fibre 
bundle over S{yj{t))\{yj{t)}. 

Finally, for each j = 1, . . . , fc, define the point 

xj{t) ■.= cj)-^{y,{t)) nr, 

which is the isolated singularity of (t>^^{yj{t)). If we look at the local situation at 
Xj{t), we can use the result of [J, that is, we can consider Bj a small ball in C"+^ 
centered at Xj{t) (contained in M^) and Ds a small disk in Dt centered at yj{t) 
such that the restriction 

: BjfMpt^Ds) Ds 
satisfies the hypothesis (2.3.2) and (2.3.3) of \J\- See figure [5] 




a. 



Figure 5. 

Then if D'^ denotes a semi-disk in Dt containing Dg H S{yj{t)), we obtain a 
collapse cone Pj and a vector field Ej in (p^^{Df) n Bj. Set 

ttj -.^ dD^n Siyjit)). 
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Then 

is a Le Polyhedron for the germ (ft : {Mt,Xj{t)) — {Dt,yj{t)). 

Next we construct some useful vector fields on Aj :— ip^^ (^S{yj{t))\{yj{t)}y. 

• Vector Field S: let ^ be a C°° vector field non-zero on S{yj{t))\{yj{t)} 
that goes from j/j (i) to u' — A*. Since (pt is a fibre bundle over 

we can lift ^ to a vector field S on Aj which is integrable (see [13] and 
(2.3.2.2) of 0) and tangent to Aj and dAj; 

• Vector Field V: We can transport the vector field of ip^^{u') to all the 
fibres ip^^{u), for any u g S{yj{t))\{yj{t)}. Then we obtain a vector field 
V on Aj whose restriction to ip^^{u') is E'^ and the restrictions to ip^^{u) 
are the vector fields of ip^^{u); 

• Vector Field Q: Let 6' be a differentiable function on 6{yj{t)) such that 
9{u') — and such that 9 is non-zero and positive on 6{yj{t))\{u' ,yj{t)}. 
Let 8 be the vector field on Aj defined by 9; 

• Vector Field Vi: Define Vi := V-t-OS, which is integrable, tangent on the 
interior of Aj and transverse and pointing inwards on the boundary dAj . 

Since V and S are transversal, the vector field Vi is zero only on the Le Polyhe- 
dron P[ of '^^^{u'). Then if z is a point in Aj\(p^^{u'), the orbit of Vi that passes 
through z has its limit point z[ in P[. 

Moreover, since the orbit of V that passes through z has its limit point z' in the 
transportation of P/ to tp^^ {(pt (z)) by S, it follows that z'^ is the point corresponding 
to z' by S. That comes from the fact that V and S commute by construction. 

Now, since Pj{aj) is obviously contained in Aj, it follows that Vi takes Pj{aj) 
to P/. In fact, it takes all the fibre ip^^{ai) n B,. to P/. Now, since the action of the 
fiow given by V is simplicial, we can assume that the action of the flow given by Vi 
is simplicial. Then the image of Pj {aj ) by the action of Vi is a sub-polyhedron Pj 
of P/. Moreover, the orbits of the points in Pj{aj) give a polyhedron Rj. 

Set 

P, ■.^P,C^vi\5{y,{t))) 

and 

S, P,- U R, U P;. 

See figure [6| 



Lemma 14. Let r > be small enough such that the ball B^{xj{t)) of radius 
r centered at Xj{t) is contained in Bj, for any j — and then redefine 

Bj := Br{xj{t)). Then, for any ji, j2 — I, ■ ■ ■ , k, we have: 

(m) Pji(aji) =• Pj^{aj^); 
{Hi) Sj^ = Sj^ ; 

{iv) Sj = ' , for any j — 1, . . . , k and i — 1, . . . , r. 
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Figure 6. 

Proof. The natural extension of S to [S{yji{t))\{yj^{t)}] U [(5(2/^2 (t))\{yj2 (<)}] gives 
(i) and (ii). Clearly, Rj '^=' Pj x /, for any j = 1, . . . , fc; where / denotes a real 
interval, and then (iii) follows. Finally, since (p^ : A/^\0^"'^(A) — > (I? x D^)\A is a 
fibre bundle, it follows that ip^^{u) '^=' ipQ^{u), for any u in Dt\{An Dt), and then 

, diS. , 

M — -'0- 

But this implies that Pj ' P/°, for any j = 1, . . . ,k and i = 1, . . . , r, where P/'' 
is the sub-polyhedron of Pq defined analogous to the way Pj is defined. Hence 

□ 

Then the polyhedron in Mf we are looking for is given by 

fe 

J=l 

and the special polyhedron in Mq is given by 

r 

Figure [T] illustrates the homotopy type of both Pt and Pq, as well as the degen- 
eration of the first to the second one, which wel construct next. 



Once the Le Polyhedrons Pt and Pq are defined, the proof of proposition [8] follow 
the very same arguments of sections (4.2.1), (5.1) and (5.2) of [7]. 

6.2. The collapsing map. Consider the disk 

A {u'} X D,,. 
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Figure 7. 

Then we define Tj ioi j ^ 1, . . . , k a.s in |5.3[ that is, 

Tj U '^(y^ W)' 

and the sets 

k 

r 
i=l 

and 

i=i teD„ teDr, 
i<j<k 

Then we consider V a differentiable vector field in I? x D,, which is transversal 
to each Dt = V x {t}, points inwards, is non-null in I? x D*, and is tangent to Q 
and to A. 

Hence the lift V oi V hy (j) determines a vector field in il/^, which gives the 
collapse polyhedron P as the union of the orbits passing through the points of all 
the polyhedra Pt's, for t G D*. Moreover, V defines the (continuous) collapsing 
map ^'i : Alt — > Mq, for each t G D* with the desired properties, setting 

and 

Vo :-r'(Qo)- 

Then we have proved proposition [9] In fact, (i) and (Hi) are obvious and (ii) 
follows from the fact that the restriction (f>\ : Mrf\<j)^^{Q) — >■ (I? x D,,)\(5 is a 
topological fibre bundle. Finally, {iv) is clear by the definition of the Le Polyhedron 
when n — 2. We also have proved: 

Corollary 15. deformation retracts to P. 
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Remark 16. Note that Pt is homeomorphic to Pq if, and only if, r — k; which 
happens if, and only if, Vt is homeomorphic to Vq; which happens if, and only if, 
Mt is homeomorphic to Mq. 



7. Proof of lemmas [4} [5} [6] and [7] 

Lemma [4] is follows directly applying proposition [8] to the projection ttj and 
observing that Pt,Q has the homotopy type of a bouquet of spheres of dimension 
n — 1, since ({0} x B^^) is a Milnor ball for /q, and hence, by lemma 
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Pt,s has 

the homotopy type of a bouquet of spheres of dimension n — 1, for any s G Sg. 

Lemma |6] follows setting Pt to be the collapse polyhedron P of ttj along S^, since 
we have showed that Mt = Xt deformation retracts to P (see corollary 15). 

Now, since the construction of the Le Polyhedron of both ttj and fs depends 
only on the projection 1^94, which is the restriction of the linear form / to the Milnor 
fibre of the function, lemma [7] is trivial: when constructing a Le Polyhedron for 
fs, one just have to consider the linear form I to be the same of that used in the 
construction of Pt,s- Note that since the set of general linear forms I, denoted by 
51, is a non-empty Zariski set in the space of all the linear forms of C" to C, we 
can assume that I is a good one (otherwise, just take another linear form / in the 
construction of 

Finally, lemma [5] follows from proposition |9j observing that: 

• Since Pt^ is a Le Polyhedron for the isolated singularity /o inside a Milnor 
ball, it follows from the main theorem of 7 that we can consider Vtfl = Ptfi 
and Po,o = {0}; 

• Since 4* takes Vt,s to Vt,Q and Pt.s to Pt.o, it follows that Vt.s — Pt,s, for 
any s G (in fact, Vt,s = («'t,s)"H^t.o) = (^'t,.)"H^t,o) = Pt,s)- 



8. The ^-constant problem 

Two germs of complex analytic hypersurfaces at the origin in C", denoted by 
{Xi,0) and (^2,0), are said to be topologically equisingular (or to have the same 
embedded topological type) if there exists a local homeomorphism h : (C" , 0) — > 
(C",0) such that h{Xi) = X2. 

Definition 17. Let fs ■ (C",0) — >■ (C,0) be a family of holomorphic isolated singu- 
larity germs depending holomorphically on the parameter s S C. It defines a family 
of germs of isolated singularity hypersurfaces Xs := [f^^{0),Q) , which is said to be 
embedded topologically equisingular ( or to have constant embedded topological type ) 
along C x {0} if, for any s sufficiently small, Xs and Xq have the same embedded 
topological type at the origin. 

In this section, we use the construction of a Le Polyhedron for line singularities 
to prove that the family Xg as above has constant embedded topological type if it 
admits an uniform Milnor radius and the Milnor number /x(/s) is independent of s. 
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Consider 

/: (C"+\0)^(C,0) 

the holomorphic function defined by tlie family fg, that is, /(zi, . . . , — 
/z„+i (^1, ■ • ■ , ^n)- The singular set of / is clearly the z„-axis. Also consider the 
hyperplane sections = {zn+i = s}, for each s € S. As in section [sj define 
the Milnor fibration of / using polydiscs, that is, if ei and 62 are sufficiently small 
positive reals with < ei < £2 << 1, one has that the restriction 



V 



is a fibre bundle, where B^^ denotes the ball in S = C and B^^ denotes the ball in 

Hs = C". 

Now suppose that admits an uniform Milnor radius. Then we can take e > 
sufficiently small such that the ball Be(s) = B^ n iJs is a Milnor ball for fs, for any 
s S S. Fix t g D* and for each s G E, consider the projection ttj : AT^ — > S and the 
polyhedron Pt,s in f^^{t) D B^ as constructed in the previous sections, which is a 
Le Polyhedron for the isolated singularity germ fg, and hence it has the homotopy 
type of a bouquet of /^-spheres of dimension n — 1. 

We want to show that Pt ^ is homeomorphic to Pt.o, and hence Lemma [5] implies 
that 7r^^(s) is homeomorphic to t:^^{0), that is, /^^(t) H B,: is homeomorphic to 



/q (t) n Bj. When n — 2, Proposition 11 implies that 



(mt - l)(r - 1) - M = K - - 1), 



and hence remark 12 implies r = k. Then the pairs (wt, k) and (mo,r) are equal, 
and therefore Pt,s is homeomorphic to Pt,o- 

When 71 > 3, by the construction of the Le Polyhedron we have made in section 



5.1 we know that Pt,s is the union of fc-copies of a polyhedron S, glued together on 
a sub-polyhedron P of S, and that Pt_o is the union of r-copies of S, glues together 
on P. Now, since Pt s is homotopy equivalent to -Pt.o, we must have k = r, and 
therefore Pt^s is homeomorphic to Ptfl. 

So we have proved that if fg : (C", 0) (C, 0) is a family of germs of holomorphic 
isolated singularities depending holomorphically on the parameter s € C which 
admits an uniform Milnor radius and is /i-constant, then the embedded topological 
type of of the Milnor fibre of fs does not depend on s. 

Then obviously the embedded topological type of the boundary of the Milnor 
fibre of fs does not depend on s. Since fs is an isolated singularity, the boundary of 
its Milnor fibre has the same embedded topological type of the embedded link of Xs 
(that is, the homeomorphism class of the pair (Sc, Se H Xs), which is independent 
of e if e is small enough - see [5.). 

Since the embedded link of Xg is constant along the family, it follows from the 
conical structure of singularities that the family has constant embedded topological 
type. Then we have proved: 

Theorem 18. Let fs : (C",0) — >■ (C,0) be a family of complex isolated singularity 
map-germs depending holomorphically on the parameter s e C which admits an 
uniform Milnor radius, and consider the family of germs of isolated singularity 
hypersurfaces Xs in C" defined by fs . Then Xg has constant embedded topological 
type if, and only if, the Milnor number fi^fs) is independent of s. 
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